This paper characterizes the convex subgraphs of the join and the composition of graphs. Moreover, we establish the convex subgraph polynomials of graphs resulting from the two graph operations.
Introduction
There are a number of graph polynomials that have been widely studied. Chromatic polynomials count the number of proper colourings of a graph [6, 17, 19, 31] . Matching polynomials enumerate matching [26] . Independence polynomials are generating polynomials for the number of independent sets of each cardinality [27] . One of the most general approaches to graph polynomials was proposed by Farrel in 1979 in his theory of F -polynomials of a graph. According to Farrel [21] , any such polynomial corresponds to a strictly prescribed family of connected subgraphs of the respective graph. For the matching polynomial of a graph G, this family consist of all edges of G, for the independence polynomial of G, this family includes all the stable sets of G.
J. I. Brown et al. [8] , examined the effects of various graph operations on neighborhood polynomials, which are generating functions for the number of faces of each cardinality in the neighborhood complex of a graph. They provide explicit polynomials for hypercubes, for graphs not containing four-cycle and for graphs resulting from joins and Cartesian products.
F.M. Dong et al. [20] , had determined the vertex-cover polynomial of the path, cycle, wheel, and complete bipartite graph. Moreover, they developed a method to calculate the vertex-cover polynomial of a graph. Motivated by a problem in biological systematics, they consider a mapping f from {1, 2, . . . , m} into the vertex set of a graph, subject to f −1 (u) ∪ f −1 (v) = ∅ for every edge xy in G. They showed that the number of such mappings can be determined from the vertex-cover polynomial.
Saieed Akbari et al. [2] introduced the edge cover polynomial. They showed that if E(G, x) = E(H, x), then the degree sequence of G and H are the same. They showed that cycles and complete bipartite graphs are determined by their edge cover polynomials. Also they determined all graphs G for which E(G, x) = E(P n , x).
A.Vijayan [29] introduced a total edge fixed geodominating sets and polynomials of graphs G t (G, x). They obtained some properties of G t (G, x) and its coefficients. They also compute polynomials for complete graph, bipartite graph and the corona of any graph G with complete graph K 1 of order 1.
Ali et al. [3] obtained the Wiener polynomial W n (G, x) for some special graphs including paths and cycle graphs. Moreover, for vertex-disjoint connected graphs G 1 and G 2 formulas for Wiener polynomials of Steiner ndistance of compound graphs are also obtained in terms of those polynomials for G 1 and G 2 .
Given a graph G of order n, the clique polynomial of G is defined by ω(G, x) = 
Theorem 1.2 [24]
Let G 1 and G 2 be two vertex-disjoint graphs with |V (G 1 )| = n 1 and |V (G 2 )| = n 2 , then
where F n (x), for all n ≥ 0, are the so-called Fibonacci polynomials, that is, the polynomial defined recursively by F 0 (x) = 1, F 1 (x) = 1,F n (x) = F n−1 (x) + xF n−2 (x).
The desire to make a similar study on the work of the authors in [2, 4, 5, 8] on graphs polynomials motivated the researchers to try this investigation.
Our investigation uses mainly the concept of convex subgraphs. The next section is of great significance for deeper understanding and importance of convexity in graphs.
Convexity in Graphs
The concept of convexity which was mainly defined and studied in R n in the pioneering works of Newton, Minkowski and others as described in [7] , now finds a place in many other mathematical structures such as vector spaces, lattices, metric spaces and graphs. This concept is important in several applied mathematical areas like optimization, approximation theory, game theory and probability theory [18] . It is natural that the concept of convexity could be introduced in graphs also, via intrinsic metric. The concept of convexity in graphs is discussed in the book by Buckley and Harary [10] . This concept was also investigated by Harary and Nieminen [23] . Sampathkumar [28] also studied convexity in graphs where he obtained characterizations of block, cut point and a tree in terms of convex sets.
Let G be a connected graph. For two vertices u and v of a connected graph G, I G [u, v] is the set of all vertices in any u-v geodesic. A subset S of V (G) is convex if for every two vertices u, v ∈ S, the vertex set of every u-v geodesic is contained in S. Equivalently, S is convex if for every two vertices u, v ∈ S the closed interval I G [u, v] ⊆ S. The convexity number of G, denoted by con(G), is the maximum cardinality of a proper convex set in G, that is con(G) = max{|S| : S is convex in G and S = V (G)}.
Since the empty set is convex, con(K 1 ) = 0, where K 1 is the complete graph with one vertex.
Chartrand, Fink, and Zhang [14] characterized oriented graphs having convexity number n − 1. They also presented some realization theorem in the convexity number of connected oriented graphs and determined the lower orientable convexity number of complete graphs, complete bipartite graphs and outer planar graphs.
Chartrand, et.al [16] stated the following observation: If a connected graph G of order n has end-vertex u, then V (G) \ {u} is convex. In paticular, if the minimum degree of G is 1, then con(G) = n−1. In fact, they also characterized a connected graph of order n for which con(G) = n − 1.
By definition, the coefficients of the convex subgraphs polynomial counts the number of convex subgraphs of specific order in a graph. It seems reasonable, therefore, to expect this study to rely much on the available characterization of convex sets in a graph. Foremost among these results on the subject will be the work of Canoy, et al [12, 11] which, among many results, gave characterizations of convex sets of two graphs under the following binary operations: join, cartesian product, and composition. Given two graphs G and H, Canoy and Garces in [12] characterized the convex sets of the graphs G + H, G[H] and G H. As a tool in characterizing the convex sets in G+H, they defined and used the notion of non-connectivity. For connected graphs G and H, they characterized the proper convex subsets of V (G + H) in relation to some sets that induce complete subgraphs of G and H or to some non-connecting sets in G. They also proved that the proper convex subsets of G[H] are those that induce complete subgraphs of G [H] . Also, they showed that the proper convex subsets of V (G H) are actually the cartesian product of some proper convex subsets of V (G) and V (H). These characterizations eventually paved the way for the determination of the convexity numbers of the graphs G + H, G[H], and G H.
Byung Kee Kim [25] , showed that every pair k, n of integers with 2 ≤ k ≤ n − 1 is realizable as the convexity number and order, respectively, of some connected triangle-free graph G, that is, G does not contain a subgraph K 3 . and give a lower bound for the convexity number of k-regular graphs of order n with n > k + 1. They also provided an examples of polyconvex and non polyconvex graphs.
The following are some known results on convexity in graphs. The first theorem appeared in [16] , as cited in [15] , means that connected graph containing extreme vertices are precisely those having convexity numbers n − 1. A vertex v in a connected graph G is an extreme vertex or a complete vertex if the neighborhood N G (v) of v induces a complete subgraph of G. The set of extreme vertices of G is denoted by Ext(G). 
Theorem 2.4 [11] Let G and H be noncomplete graphs. Then a proper subset C = S 1 ∪ S 2 of V (G + H), where S 1 ⊆ V (G) and S 2 ⊆ V (H), is convex set in G + H if and only if S 1 and S 2 induce complete subgraphs of G and H, respectively, where it may occur that S 1 = ∅ or S 2 = ∅. We formally define the convex subgraph polynomial in the following: Let G be a connected graph of order n. A convex subgraph of G is a subgraph of G induced by a convex subset of V (G). For each i ∈ {0, 1, 2, . . . , n, . . .}, let c i (G) be the number of convex subgraphs of G of order i. The convex subgraph polynomial of G, denoted by C(G, x), is the polynomial given by
Join of Graphs
First of all, we formally define the join of two vextex-disjoint graphs.
Definition 3.1 The join G + H of two graphs G and H is the graph with vertex set
The fan F n of order n + 1 is the graph P n + K 1 . The wheel W n of order n + 1 is the graph C n + K 1 .
Illustration 3.2
The join C 3 + P 3 of the graphs C 3 and P 3 . The next result shows that for some graph G, C(G, x) and ω(G, x) are closely related. Proof : Here con(G)=ω(G) and for each i, 0 ≤ i ≤ con(G), c i (G)=ω i (G). Also, for every ω(G) < i < n, every subgraph of G of order i is not convex, and so c i (G) = 0. Thus,
The next results depend on Theorem 2.4 [11] which gives the characterization of convex sets in the join of graphs. (ii) H is a complete subgraph of G 2 ; (iii) H = H 1 + H 2 , where H 1 and H 2 are complete subgraphs of G 1 and G 2 , respectively.
Theorem 3.5 Let G 1 and G 2 be noncomplete connected graphs of orders n 1 and n 2 , respectively. Then
Proof : Let S ⊆ V (G 1 + G 2 ) be a nonempty proper convex set in G 1 + G 2 . By Remark 3.4, one of the following holds:
(i) S is a complete subgraph of G 1 ;
(ii) S is a complete subgraph of G 2 ; (iii) S = H 1 + H 2 , where H 1 and H 2 are complete subgraphs of G 1 and G 2 , respectively.
In any case, S is a complete subgraph of G 1 + G 2 . By Proposition 3.3 and Theorem 1.1,
Remark 3.6 Note that for a graph described in Proposition 3.3,
so that by Theorem 3.5,
for every graphs G 1 and G 2 satisfying the conditions in Proposition 3.3.
Corollary 3.7
i. F or m, n ≥ 3,
ii. F or m ≥ 3 and n ≥ 4,
iii F or m, n ≥ 4,
iv. F or m, n ≥ 3,
v. F or m ≥ 4 and n ≥ 3,
vi. F or m ≥ 3 and n ≥ 4,
ix. F or m ≥ 3 and n ≥ 4,
Proof : Using the definition of clique polynomial, we obtain the following clique polynomials.
Now, the result immediately follows from Theorem 3.5.
Remark 3.8 In view of Corollary 3.7, some nonisomorphic graphs of the same order have the same convex subgraph polynomial. Example 3.9 Consider for example the graphs P 3 +P 4 and P 3 +K 1,3 which are nonisomorphic graphs. By Corollary 3.7, Let us first illustrate the definition of composition of two graphs. Consider the graphs P 2 , P 3 and the compositions P 2 [P 3 ] and P 3 [P 2 ]. Illustration 4.2 The compositions P 2 [P 3 ] and P 3 [P 2 ] of the graphs P 2 and P 3 .
Composition of Graphs
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Suppose that |A| = 2 and A = {u, v}. Then k = |T u | + |T v | and there exist positive integers j 1 , j 2 ≤ ω(H) such that |T u | = j 1 and |T v | = j 2 so that k = j 1 + j 2 . There are ω 2 (G) 
The next result uses Theorem 2.2 [12] which is the characterization of convex sets in G [H] . Theorem 4.4 Let G and H be noncomplete connected graphs of orders p and q, respectively. Then
Proof : In view of Theorem 2.2, we have Thus,
It remains to show that The proof of (ii)-(x) are similar to (i), using the following clique polynomials.
ω(T n , x) = 1 + nx + (n − 1)x 2 ω(C n , x) = 1 + nx + nx 2 ω(F n , x) = 1 + (n + 1)x + (2n − 1)x 2 + (n − 1)x 3 ω(W n , x) = 1 + (n + 1)x + 2nx 2 + nx 3 .
The above result provides another type of nonisomorphic graphs of the same order having the same convex subgraph polynomial representation. 
